This paper reports recent progress in applying nonstandard analysis to additive number theory, especially to problems involving upper Banach density.
Prologue
In this paper we use N for the set of all natural numbers. For any t wo i n tegers a and b, a; b denotes the interval of all integers x between a and b a 6 x 6 b. If S is an internal set, jSj denotes the internal cardinality o f S. The letters A; B; C will be used for sets of natural numbers and the letters i; h; k; m; n will beused for natural numbers. For a set A of natural numbers, the Shnirel'man density A, the lower density dA, the upper density dA and the Banach density BDA o f A are de ned as follows. A = inf In other literature, BDA is called the upper Banach density of A. I omit the word upper" due to the lack of interest in lower" Banach density. Clearly, the following inequalities are true. 0 6 A 6 dA 6 dA 6 BDA 6 1 0 Mathematics Subject Classi cation Primary 11B05, 11B13, 03H05, 03H15 0 Keywords: upper Banach density, Shnirel'man density, lower density, additive n umber theory, nonstandard analysis 0 The research w as supported in part by a Ralph E. Powe Junior Faculty Enhancement A w ard from Oak Ridge Association Universities, a Faculty Research and Development Summer Grant from College of Charleston, and the NSF grant DMS 0070407.
for every set A.
This paper is organized as follows. First two recent results are stated, for the purpose of showing the reader the general nature of the applications that are being obtained. The rest of the paper is divided into two parts. One part emphasizes topological aspects of this work and the other emphasizes the measure theoretic aspects. The rst two results are easy to state and easy to understand. The reader is encouraged to try to nd a relatively short say, within one page proof of each result before going further, without using nonstandard analysis, of course. It seems to be di cult to nd such proofs, and this fact is part of what lends interest to the methods that are reported on in this paper. In my opinion, the nonstandard methods do o er powerful, convenient, and very e cient tools when dealing with Banach density.
Before . A is a Banach basis of order 9, but not order 8.
I consider the proof of Theorem 3 via Theorem 1 to be topological and via Theorem 2 to be measure-theoretic. What I mean by that should be clear in the next two sections.
Topological Aspects
The proofs of all theorems in this section can befound in 6 .
First, I would like to mention how Theorem 1 is motivated and what is the connection between Theorem 1 and other research. Thick sets, syndetic sets and piecewise syndetic sets are popular objects in combinatorial number theory. Motivation for Theorem 1 comes in part from the following result proved in 3 : if BDA 0, then A , A N is syndetic. A set C is called syndetic if there exists a k 2 N such that C f 0g + 0 ; k = N. There arises the question whether one can prove a similar result for A + A in place of A , A. One quickly sees that there is a set A with BDA 0 y et A + A is not syndetic. Hence one sees that Theorem 1 is a reasonable counterpart for A + A to the result from 3 that A , A N is syndetic. However, our proof of Theorem 1 is completely di erent from the argument in 3 ; it seems that this di erence stems in part from the fact that piecewise syndeticity is essentially a topological property while syndeticity is not.
Let's x a countably saturated nonstandard universe. For each set A N, let A bethe nonstandard version of A in the nonstandard universe. For example, N is the set of all natural numbers in the nonstandard universe. All integers in N r N will be called hyper nite integers. Using nonstandard analysis, one can formulate the following equivalent forms of piecewise syndeticity and Banach density. A set A is piecewise syndetic i there exists an interval H;K of hyper nite length such that the set A H;K has only gaps of nite length in H;K . Also a set A N has Banach density greater than or equal to i there exists an interval H;K of hyper nite length such that the set A H;K has Loeb measure greater than or equal to Loeb measure will be described in the next paragraph. Hence, one can state Theorem 1 in a nonstandard way b y roughly saying: if A and B are two subsets of an interval 0; H , 1 of hyper nite length with positive Loeb measure, then A + B is not nowhere dense" in a topology similar to an order topology". Let me make it rigorous in the next paragraph.
The Loeb measure on a hyper nite set cf. 12 or 16 can be de ned as the following. Given an interval 0; H , 1 of hyper nite length, let A = jAj=H for every internal subset A of 0; H , 1 . Then can beseen as a normalized uniform counting measure de ned on the algebra of all internal subsets of 0; H , 1 Theorem 5 For each number n, let A n ; B n 0; n , 1 be such that jA n j=n and jB n j=n for a xed standard real number 0. Then, for every nonprincipal ultra lter F on N, there exists a sequence h a n ; b n : n 2 Ni of intervals with a n ; b n 0; n ,1 and lim n!1 b n ,a n = 1 such that for every X 2 F , there exists an in nite Y X and k 2 N such that the largest gap of A n n B n in a n ; b n has length k for every n 2 Y , where n is addition modulo n.
Note that for every standard real number 1, there exists a sequence hA n : n 2 Ni with A n 0; n , 1 and jA n j= n such that for every sequence h a n ; b n 0; n , 1 : n 2 Ni of intervals with lim n!1 b n , a n = 1, the length of the largest gap of A n in a n ; b n approaches in nity.
There is one more example of the sumset phenomenon. A set of the form 3 Measure-Theoretic Aspects There are many interesting theorems about lower density and Shnirel'man density in additive number theory cf. 4 . There are also a few interesting results about Banach density in combinatorial number theory cf. 3 . But I can rarely nd any results about Banach density in additive numbertheory. In this section, I will present a general method, using nonstandard analysis and Birkho ergodic theorem, of formulating and proving a theorem about Banach density corresponding to each theorem about lower density or Shnirel'man density. All proofs of the results in this section can be found in 7 .
In the last section, I showed how one can use U topologies on an interval of hyper nite length to prove results in the standard world. I have referred to that kind of proof as topological. In this section, the methods I use seem more measuretheoretic. Let's look at the way of proving Theorem 3 using Theorem 2. By adding more and more copies of the set A, one can increase the Banach density of the sum until it reaches 1. This proof involves no topology. If one views Banach density as a sort of measure, then the proof merely shows that the measure of the sum increases to 1 as more and more copies of A are added.
There is another reason why I consider the proof of Theorem 3 via Theorem 2 measure-theoretic. In the last section, I mentioned that a set A has Banach density greater than or equal to i there is an interval H;K of hyper nite length such that the Loeb measure of the set A H;K o n H;K is greater than or equal to . Therefore, one can apply measure-theoretic techniques to the Loeb space on H;K to obtain results about A. Given a probability space ; ; , a bijection T from to is called a measure-preserving transformation if T E 2 , T ,1 E 2 , and E = T E for every E 2 . The measure-theoretic result needed here is the following Birkho Ergodic Theorem cf. 15 or 3 Let ; ; be a probability space and T be a measure-preserving transformation from to . , then A + B minf A + ;1g. In fact, the idea just described can be used to derive a parallel result to each existing theorem about lower density and Shnirel'man density. Next, I will give t wo examples applying this idea to problems involving essential components. A set B is called an essential component if for every set A with 0 A 1, A + B A.
The rst example is a theorem parallel to Pl unnecke's theorem cf. 14 which s a ys that if B is a basis of order h, then for every set A, A+B A exists a sequence h a n ; b n : n 2 Ni of intervals in N with lim n!1 b n , a n = 1 such that hB , a n N + a n a n ; b n for every n 2 N. It is easy to see that a basis of order h is a piecewise basis of order h. A piecewise basis of order h is a Banach basis of order h. there exists a k 2 N and a sequence h a n ; b n : n 2 Ni of intervals in N with lim n!1 b n , a n = 1 such that h pa B , a n N + a n a n + k;b n for every n 2 N. Suppose B is a piecewise asymptotic basis of piecewise asymptotic order h pa with the numberk and the sequence h a n ; b n : n 2 Ni given as above. For each n 2 N and m 2 a n + k;b n , let h n m = minfh 0 : m 2 h 0 B , a n N + a n g: Since its discovery by A. Robinson about forty years ago, nonstandard analysis has been reaching its maturity. Besides their great philosophical importance, the ideas and techniques of nonstandard analysis are being applied to many other mathematical elds 1 . During my study of the subjects discussed in this report, I have noticed many advantages of nonstandard methods in dealing with Banach density problems. There are two main advantages I w ould like t o p o i n t out here. 1 Nonstandard methods are used here to reduce the complexity of the mathematical objects that one needs in a proof. Very often a sequence of standard elements can be treated as one nonstandard element, and an asymptotic argument in the standard world can betranslated into a direct argument in the nonstandard world. For example, the statement A 0 i n volves a sequence of intervals while the equivalent statement in the nonstandard world involves only one interval of hyper nite length. This complexity reduction from second order to rst order enables us to see the path towards solutions more clearly with a better understanding, hence produce a shorter proof with greater e ciency.
2 Nonstandard methods o er a better intuition. In additive number theory, people are usually rst interested in problems involving Shnirel'man density. Then, results about Shnirel'man density are generalized to results about lower density because lower density and Shnirel'man density have very similar behavior. From the inequalities among those densities, the next step seems to be generalization to results about upper density. Unfortunately, the behavior of upper density is quite di er- can not nd a nice parallel theorem about upper density to Mann's theorem. Since Banach density is even greater than or equal to upper density, one might think that the behavior of Banach density i s e v en more di erent from the behavior of Shnirel'man density or lower density. But the situation is completely changed when nonstandard methods are used. By Lemma 1, Lemma 2, and Lemma 3, one can see clear connections between Banach density and Shnirel'man density, and between Banach density and lower density. The connections o er a good understanding of Banach density and make it easy to derive a parallel theorem about Banach density to each theorem about Shnirel'man density or lower density.
There may be other sources of advantages using nonstandard analysis. For example, use of saturation Loeb space construction needs countable saturation may increase proof-theoretic strength 5 . But I am not sure if the use of saturation here is essential in increasing proof-theoretic strength.
I started working on this subject when I found an answer to Problem 9.13 of 8 . S. Leth pointed out to me that Theorem 1 is a consequence of Theorem 4. After trying to produce an elementary proof of Theorem 1, I realized that the use of nonstandard methods there is essential. I found that the elementary proof of the theorem, if it is produced, would be much longer, less general and unnatural, in contrast to the simplicity, generality and elegance of the proof of Theorem 4.
There are also other papers, such as 9 , 10 and 11 , on the study of sequences of natural numbers using nonstandard methods.
